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AN INITIAL-BOUNDARY VALUE PROBLEM IN A STRIP FOR
A TWO-DIMENSIONAL EQUATION OF
ZAKHAROV–KUZNETSOV TYPE
ANDREI V. FAMINSKII
Peoples’ Friendship University of Russia, Moscow, Russia
Abstract. An initial-boundary value problem in a strip with homogeneous
Dirichlet boundary conditions for two-dimensional generalized Zakharov–
Kuznetsov equation is considered. In particular, dissipative and absorbing
degenerate terms can be supplemented to the original Zakharov–Kuznetsov
equation. Results on global existence, uniqueness and long-time decay of weak
solutions are established.
1. Introduction. Description of main results
Two dimensional Zakharov–Kuznetsov equation (ZK)
ut + uxxx + uxyy + uux = 0
models propagation of ion-acoustic waves in magnetized plasma, [22]. A rigor-
ous derivation of the ZK model was recently performed in [13]. Results on well-
posedness of the initial value problem for this equation can be found in [19, 5, 6, 17].
A theory of well-posedness of initial-boundary value problems is most developed for
domains of a type I × R , where I is an interval (bounded or unbounded) on the
variable x , that is the variable y varies in the whole line, [7, 8, 9, 10, 20, 11, 4].
On the contrary, there are only a few results for domains, where the variable y
varies in a bounded interval.
In [18] an initial-boundary value problem in a strip R × (0, 2π) with periodic
boundary conditions is considered and local well-posedness result is established
in the spaces Hs for s > 3/2 . An initial-boundary value problem in a half-
strip R+ × (0, L) with homogeneous Dirichlet boundary conditions is studied in
[14, 15] and global well-posedness in Sobolev spaces with exponential weights when
x → +∞ is proved. Initial-boundary value problems in a strip R × (0, L) with
homogeneous boundary conditions of different types: Dirichlet, Neumann or peri-
odic are considered in [2] and results on global well-posedness in classes of weak
solutions with power weights at +∞ are established. Global well-posedness results
for a bounded rectangle can be found in [4, 21].
All global existence results for ZK equation are based on a conservation law in
L2 ∫∫
Ω
u2(t, x, y) dxdy = const,
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where Ω is a domain of a type R× I , or its analogues for other types of domains.
Note that in the situations where such a conservation law exists there is no decay
of solutions in L2 -norms when t→ +∞ .
On the other hand it is found in [14] that ZK equation possesses certain inter-
nal dissipation which can provide decay of solutions in weighted L2 -norms. More
precisely, it is shown in [14] that in a narrow half-strip R+ × (0, L) under small
initial data and homogeneous Dirichlet boundary conditions a solution to the cor-
responding initial-boundary value problem decays exponentially when t → +∞
in L2 spaces with exponential weight at +∞ . In [15] with the use of the next
conservation law ∫∫
Ω
(
u2x + u
2
y +
1
3
u3
)
dxdy = const
similar decay result is proved in H1 -norm (also in exponentially-weighted spaces).
In the recent paper [16] the similar result is obtained for ZK-type equation with
additional damping term −uxx in a strip R× (0, L) with homogeneous Dirichlet
boundary conditions. Moreover, it was noticed there that under the appropriate
choice of weight functions restrictions on the width of the strip can be excluded.
In [4] exponential long-time decay in L2 -norm of small solutions is established
for initial-boundary value problems in a bounded rectangle and in a vertical strip.
The present paper is devoted to an initial-boundary value problem in a layer
ΠT = (0, T )× Σ , where Σ = R× (0, L) = {(x, y) : x ∈ R, 0 < y < L} is a strip of
a given width L and T > 0 is arbitrary, for an equation
ut+ bux+ uxxx+ uxyy+uux− (a1(x, y)ux)x− (a2(x, y)uy)y + a0(x, y)u = f(t, x, y)
(1.1)
with an initial condition
u(0, x, y) = u0(x, y), (x, y) ∈ Σ, (1.2)
and homogeneous Dirichlet boundary conditions
u(t, x, 0) = u(t, x, L) = 0, (t, x) ∈ (0, T )× R. (1.3)
Here bux is a travel term ( b is a real constant). We always assume that
a1(x, y), a2(x, y) ≥ 0 ∀(x, y) ∈ Σ, (1.4)
so the corresponding terms in (1.1) mean the parabolic damping which, in partic-
ular, can degenerate or even be absent.
The main goal of this paper is to study relations between internal properties of
ZK equation itself and artificial damping implemented by dissipation or absorption
which provide existence and uniqueness of global weak solutions to the considered
problem as well as their long-time decay in L2 -norms with different weights (or
without them).
Some of the established results are valid for ZK equation itself ( a0 = a1 = a2 ≡
0 ) and in this situation partially coincide with corresponding ones from [2] (in the
part related to existence and uniqueness).
In all results we assume that
aj ∈ L∞(Σ), j = 0, 1, 2 (1.5)
(sometimes we need more smoothness). Besides that, most of the results are estab-
lished in four different situations: 1) the parabolic damping can be absent; 2) it is
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effective at both infinities, that is there exist a > 0 , R > 0 such that
a1(x, y), a2(x, y) ≥ a if |x| ≥ R; (1.6)
3) it is effective at −∞ , that is there exist a > 0 , R > 0 such that
a1(x, y), a2(x, y) ≥ a if x ≤ −R; (1.7)
4) it is effective at +∞ , that is there exist a > 0 , R > 0 such that
a1(x, y), a2(x, y) ≥ a if x ≥ R. (1.8)
Introduce the following notation. For an integer k ≥ 0 let
|Dkϕ| =
( ∑
k1+k2=k
(∂k1x ∂
k2
y ϕ)
2
)1/2
, |Dϕ| = |D1ϕ|.
Let Lp = Lp(Σ) , W
k
p =W
k
p (Σ) , H
k = Hk(Σ) , x+ = max(x, 0) , R+ = (0,+∞) ,
R− = (−∞, 0) , Σ± = R± × (0, L) , Π±T = (0, T )× Σ± , Lp,± = Lp(Σ±) , Hk± =
Hk(Σ±) .
For a measurable non-negative on R function ψ(x) 6≡ const let
L
ψ(x)
2 = {ϕ(x, y) : ϕψ1/2(x) ∈ L2}
with a natural norm. In particular important cases we use the special notation
Lα2 = L
(1+x+)
2α
2 ∀ α ∈ R, Lα,exp2 = L1+e
2αx
2 ∀ α > 0.
Let for an integer k ≥ 0
Hk,ψ(x) = {ϕ : |Djϕ| ∈ Lψ(x)2 , j = 0, . . . , k}
with a natural norm,
Hk,α = Hk,(1+x+)
2α ∀ α ∈ R, Hk,α,exp = Hk,1+e2αx ∀ α > 0.
Restrictions of these spaces on Σ± are denoted by lower indices ”+” and ”-”
respectively: L
ψ(x)
2,+ , L
ψ(x)
2,− , H
k,ψ(x)
+ , H
k,ψ(x)
− etc.
We say that ψ(x) is an admissible weight function if ψ is an infinitely smooth
positive on R function such that |ψ(j)(x)| ≤ c(j)ψ(x) for each natural j and all
x ∈ R . Note that such a function has not more than exponential growth and not
more than exponential decrease at ±∞ . It is shown in [11] that ψs(x) for any
s ∈ R is also an admissible weight function.
As an important example of such functions introduce for α ≥ 0 special infinitely
smooth functions ρα(x) in a following way: ρα(x) > 1 , 0 < ρ
′
α(x) ≤ c(α)ρα(x) ,
|ρ(j)α (x)| ≤ c(α, j)ρ′α(x) for each natural j ≥ 2 and all x ∈ R , ρ′′α(x) > 0 for
x ≤ −1 , ρ0(x) < 2 , ρ′′0 (x) < 0 for x ≥ 1 , ρα(x) = (1 + x)2α for α > 0 and
x ≥ 1 . It is easy to see that such functions exist and, moreover, for α ≥ 0
L
ρα(x)
2 = L
α
2 , H
k,ρα(x) = Hk,α.
Note that both ρα and ρ
′
α are admissible weight functions.
We construct solutions to the considered problem in spaces Xk,ψ(x)(ΠT ) , k =
0 or 1 , for admissible non-decreasing weight functions ψ(x) ≥ 1 ∀x ∈ R , consisting
of functions u(t, x, y) such that
u ∈ Cw([0, T ];Hk,ψ(x)), |Dk+1u| ∈ L2(0, T ;Lψ
′(x)
2 ) (1.9)
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(the symbol Cw denotes the space of weakly continuous mappings),
λ(|Dk+1u|;T ) = sup
x0∈R
∫ T
0
∫ x0+1
x0
∫ L
0
|Dk+1u|2 dydxdt <∞ (1.10)
(let Xψ(x)(ΠT ) = X
0,ψ(x)(ΠT ) ). Restrictions of these spaces on Π
±
T are denoted
by Xk,ψ(x)(Π±T ) respectively.
In particular important cases we use the special notation
Xk,α(ΠT ) = X
k,ρα(x)(ΠT ), X
α(ΠT ) = X
0,α(ΠT )
and for α > 0
Xk,α,exp(ΠT ) = X
k,1+e2αx(ΠT )
(with similar notation for restrictions on Π±T ). It is easy to see that X
k,0(ΠT )
coincides with a space of functions u ∈ Cw([0, T ];Hk) for which (1.10) holds,
Xk,α(ΠT ) , α > 0 , — with a space of functions u ∈ Cw([0, T ];Hk,α) for which
(1.10) holds and, in addition, |Dk+1u| ∈ L2(0, T ;Lα−1/22,+ ) , Xk,α,exp(ΠT ) — with a
space of functions u ∈ Cw([0, T ];Hk,α,exp) for which (1.10) holds and, in addition,
|Dk+1u| ∈ L2(0, T ;Lα,exp2,+ ) .
Now we can formulate results of the paper concerning existence and uniqueness
of weak solutions.
Theorem 1.1. Let assumptions (1.4) and (1.5) be satisfied. Assume also that
u0 ∈ Lψ(x)2 , f ∈ L1(0, T ;Lψ(x)2 ) for certain T > 0 and an admissible weight
function ψ(x) ≥ 1 ∀x ∈ R such that ψ′(x) is also an admissible weight function.
Then there exists a weak solution to problem (1.1)–(1.3) u ∈ Xψ(x)(ΠT ) . If, in
addition,
1) assumption (1.6) holds then this solution u ∈ Cw([0, T ];Lψ(x)2 )∩L2(0, T ;H1,ψ(x))
and is unique in this space;
2) assumption (1.7) holds then u ∈ Cw([0, T ];Lψ(x)2 ) ∩ L2(0, T ;H1,ψ
′(x)
+ ) ∩
L2(0, T ;H
1
−) and is unique in this space if ψ(x) ≥ ρ1(x) ∀x ∈ R , ψ′(x) ≥
ρ1/2(x) ∀x ≥ 0 ;
3) assumption (1.8) holds then u ∈ L2(0, T ;H1,ψ(x)+ ) .
Theorem 1.2. Let assumption (1.4) be satisfied, a1, a2 ∈ W 2∞ , a0 ∈ W 1∞ ,
a2 y(x, 0) ≤ 0 , a2 y(x, L) ≥ 0 ∀x ∈ R . Assume also that u0 ∈ H1,ψ(x) ,
f ∈ L1(0, T ;H1,ψ(x)) for certain T > 0 and an admissible weight function
ψ(x) ≥ 1 ∀x ∈ R such that ψ′(x) is also an admissible weight function,
u0|y=0 = u0|y=L = 0 , f |y=0 = f |y=L = 0 ∀x ∈ R and ∀t ∈ (0, T ) . Then there
exists a weak solution to problem (1.1)–(1.3) u ∈ X1,ψ(x)(ΠT ) and it is unique in
this space if ψ(x) ≥ ρ1/2(x) ∀x ∈ R . If, in addition,
1) assumption (1.6) holds then this solution u ∈ Cw([0, T ];H1,ψ(x)) ∩
L2(0, T ;H
2,ψ(x)) ;
2) assumption (1.7) holds then u ∈ Cw([0, T ];H1,ψ(x)) ∩ L2(0, T ;H2,ψ
′(x)
+ ) ∩
L2(0, T ;H
2
−) ;
3) assumption (1.8) holds then u ∈ X1,ψ(x)(ΠT ) ∩ L2(0, T ;H2,ψ(x)+ ) and is unique
in this space.
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Remark 1.1. The weight functions ψ(x) ≡ ρα(x) , α ≥ 0 , and ψ(x) ≡ 1 + e2αx ,
α > 0 , satisfy the hypotheses of Theorems 1.1 and 1.2. In particular, if (1.4)–
(1.6) hold, u0 ∈ L2 , f ∈ L1(0, T ;L2) , there exists a unique solution in the
space Cw([0, T ];L2) ∩ L2(0, T ;H1) . If (1.4), (1.5) and (1.7) hold, u0 ∈ Lα,exp2 ,
f ∈ L1(0, T ;Lα,exp2 ) for α > 0 , there exists a unique solution in the space
Cw([0, T ];L
α,exp
2 ) ∩ L2(0, T ;H1,α,exp) .
Next, pass to the decay results which can be considered as corollaries of Theo-
rems 1.1 and 1.2. Here we always assume that f ≡ 0 . Then it is easy to see that
one can construct solutions lying in the same spaces as in Theorems 1.1 and 1.2 for
any T > 0 even if they do not belong to the classes of uniqueness.
Corollary 1.1. Let assumptions (1.4) and (1.5) be satisfied, u0 ∈ L2 , f ≡ 0 .
Assume also that
a2(x, y) ≥ β2(x) ≥ 0, a0(x, y) ≥ β0(x) ∀(x, y) ∈ Σ (1.11)
for certain measurable functions β2 , β0 and, moreover,
π2β2(x)
L2
+ β0(x) ≥ β = const > 0 ∀x ∈ R. (1.12)
Then there exists a weak solution to problem (1.1)–(1.3) u ∈ X0(ΠT ) ∀T > 0
such that
‖u(t, ·, ·)‖L2 ≤ e−βt‖u0‖L2 ∀t ≥ 0. (1.13)
Remark 1.2. If additional assumptions on the data provide uniqueness according
to Theorems 1.1 and 1.2 then, of course, any solution from the class of uniqueness
possess property (1.13) (under (1.11), (1.12)). Similar remark is applicable also in
the following results.
Inequalities (1.11) and (1.12) mean that either dissipation or absorption must
be effective at every point to ensure exponential decay. It is interesting to compare
this result with the one-dimensional case. Korteweg–de Vries (KdV) equation itself
ut + uxxx + uux = 0
as well as ZK equation possesses the conservation law in L2 , so without additional
damping there is no decay of solutions to the initial value problem.
Consider Korteweg–de Vries–Burgers equation
ut + uxxx + uux − a1uxx = 0, a1 = const > 0.
It is proved in [1] that for u0 ∈ L2(R) ∩ L1(R) a corresponding solution to the
initial value problem satisfies an inequality
‖u(t, ·)‖L2(R) ≤ c(1 + t)−1/4 ∀t ≥ 0
and this result is sharp, so here dissipation provides only power decay.
Of course, if one considers KdV type equation with absorption damping on the
whole real line
ut + uxxx + uux + a0u = 0, a0 = const > 0,
then it is easy to see that a corresponding solution to the initial value problem
decays exponentially:
‖u(t, ·)‖L2(R) ≤ e−a0t‖u0‖L2(R) ∀t ≥ 0.
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It is shown in [3] that exponential decay remains even in the case of a localized
absorption, that is for the initial value problem for an equation
ut + uxxx + uux + a0(x)u = 0
if a0(x) ≥ 0 ∀x ∈ R , a0(x) ≥ β > 0 for |x| ≥ R , then
‖u(t, ·)‖L2(R) ≤ ce−c0t ∀t ≥ 0,
where positive constants c and c0 are uniform for initial data u0 from any
bounded set in L2(R) .
Similar result for equation (1.1) if dissipation is effective at both infinities is
obtained in this paper for small solutions and its proof is based on ideas from
[14, 16].
Corollary 1.2. Let assumptions (1.4)–(1.6) be satisfied and, in addition,
a0(x, y) ≥ 0 ∀(x, y) ∈ Σ . Assume also that u0 ∈ L2 , f ≡ 0 . Then there there
exist ǫ0 > 0 and β > 0 such that if ‖u0‖L2 ≤ ǫ0 the corresponding unique weak so-
lution u(t, x, y) to problem (1.1)–(1.3) from the space Cw([0, T ];L2)∩L2(0, T ;H1)
∀T > 0 satisfies an inequality
‖u(t, ·, ·)‖L2 ≤
√
2e−βt‖u0‖L2 ∀t ≥ 0. (1.14)
In the spaces with exponential weights at +∞ a similar result is established
without any additional damping but with certain restrictions on the width of the
strip in the case b > 0 .
Corollary 1.3. Let assumptions (1.4), (1.5) be satisfied and, in addition,
a0(x, y) ≥ 0 ∀(x, y) ∈ Σ . Then let L0 = +∞ if b ≤ 0 and if b > 0 there
exists L0 > 0 such that in both cases for any L ∈ (0, L0) there exist α0 > 0 ,
ǫ0 > 0 and β > 0 such that if u0 ∈ Lα,exp2 for α ∈ (0, α0] , ‖u0‖L2 ≤ ǫ0 ,
f ≡ 0 there exists a weak solution u(t, x, y ) to problem (1.1)–(1.3) from the space
Xα,exp(ΠT ) ∀T > 0 satisfying an inequality
‖eαxu(t, ·, ·)‖L2 ≤ e−αβt‖eαxu0‖L2 ∀t ≥ 0. (1.15)
If parabolic damping is effective at −∞ this result can be improved.
Corollary 1.4. Let assumptions (1.4), (1.5), (1.7) be satisfied and, in addition,
a0(x, y) ≥ 0 ∀(x, y) ∈ Σ . Then let L0 = +∞ if b ≤ 0 and if b > 0 there exists
L0 > 0 such that in both cases for any L ∈ (0, L0) there exist α0 > 0 , ǫ0 > 0
and β > 0 such that if u0 ∈ Lα,exp2 for α ∈ (0, α0] , ‖u0‖L2 ≤ ǫ0 , f ≡ 0 the
corresponding unique weak solution u(t, x, y) to problem (1.1)–(1.3) from the space
Cw([0, T ];L
α,exp
2 ) ∩ L2(0, T ;H1,α,exp) ∀T > 0 satisfies an inequality
‖(1 + e2αx)1/2u(t, ·, ·)‖L2 ≤ e−αβt‖(1 + e2αx)1/2u0‖L2 ∀t ≥ 0. (1.16)
In order to present a result when parabolic damping is effective at +∞ , in-
troduce the following auxiliary functions. For each α ≥ 0 define an infinitely
smooth increasing on R function κα(x) as follows: κα(x) = e
2αx when x ≤ −1 ,
κα(x) = (1+x)
2α for α > 0 and κ0(x) = 2− (1+x)−1/2 when x ≥ 0 , κ′α(x) > 0
when x ∈ (−1, 0) . Note that both κα and κ′α are admissible weight functions,
and κ′α(x) ≤ c(α)κα(x) for all x ∈ R .
Corollary 1.5. Let assumptions (1.4), (1.5), (1.8) be satisfied and, in addition,
a0(x, y) ≥ 0 ∀(x, y) ∈ Σ . Then let L0 = +∞ if b ≤ 0 and if b > 0 there exists
L0 > 0 such that in both cases for any L ∈ (0, L0) there exist α0 > 0 , ǫ0 > 0
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and β > 0 such that if u0 ∈ L2 , ‖u0‖L2 ≤ ǫ0 , f ≡ 0 there exists a weak solution
u(t, x, y ) to problem (1.1)–(1.3) satisfying u ∈ X0(ΠT ) , |Du| ∈ L2(Π+T ) ∀T > 0
and for any α ∈ (0, α0]
‖κ1/20 (αx)u(t, ·, ·)‖L2 ≤ e−αβt‖κ1/20 (αx)u0‖L2 ∀t ≥ 0. (1.17)
Further let η(x) denotes a cut-off function, namely, η is an infinitely smooth
non-decreasing on R function such that η(x) = 0 when x ≤ 0 , η(x) = 1 when
x ≥ 1 , η(x) + η(1− x) ≡ 1 .
We omit limits of integration in integrals over the whole strip Σ .
The following interpolating inequality generalizing the one from [12] for weighted
Sobolev spaces is crucial for the study.
Lemma 1.1. Let ψ1(x) , ψ2(x) be two admissible weight functions such that
ψ1(x) ≤ c0ψ2(x) ∀x ∈ R for some constant c0 > 0 . Let k be natural, m ∈ [0, k)
– integer, q ∈ [2,+∞] if k−m ≥ 2 and q ∈ [2,+∞) in other cases. For the case
q = +∞ assume also that ψ2(x1)
ψ1(x1)
≤ c0ψ2(x2)
ψ1(x2)
if |x1−x2| ≤ 1 . Then there exists a
constant c > 0 such that for every function ϕ(x, y) satisfying |Dkϕ|ψ1/21 (x) ∈ L2 ,
ϕψ
1/2
2 (x) ∈ L2 , the following inequality holds∥∥|Dmϕ|ψs1(x)ψ1/2−s2 (x)∥∥Lq ≤ c∥∥|Dkϕ|ψ1/21 (x)∥∥2sL2∥∥ϕψ1/22 (x)∥∥1−2sL2 +c∥∥ϕψ1/22 (x)∥∥L2 ,
(1.18)
where s =
m+ 1
2k
− 1
kq
. If ϕ
∣∣
y=0
= ϕ
∣∣
y=L
= 0 and either k = 1,m = 0 or
k = 2,m = 0, q < +∞ or k = 2,m = 1, q = 2 then the constant c in (1.18) is
uniform with respect to L .
Proof. If one considers the whole plane R2 instead of the strip Σ the given in-
equality is a special case for a more general interpolating inequality, estimated in [5]
for an arbitrary number of variables. The proof in this case is similar. Therefore,
we reproduce it here only for three aforementioned cases (either k = 1,m = 0 or
k = 2,m = 0, q < +∞ or k = 2,m = 1, q = 2 ), in particular, to make it clear why
the constant c is independent on L in these cases when ϕ
∣∣
y=0
= ϕ
∣∣
y=L
= 0 .
Without loss of generality assume that ϕ is a smooth decaying at ∞ function.
First following [12] estimate one auxiliary inequality (which itself is also used later):
for p ∈ [1, 2) , p∗ = 2p/(2− p) uniformly with respect to L
‖ϕ‖Lp∗ ≤
c(p)
L
∥∥|Dϕ|+|ϕ|∥∥
Lp
, ‖ϕ‖Lp∗ ≤ c(p)
∥∥|Dϕ|∥∥
Lp
if ϕ
∣∣
y=0
= ϕ
∣∣
y=L
= 0.
(1.19)
For p = 1 (then p∗ = 2 ) this inequality follows from an inequality∫∫
ϕ2 dxdy ≤
∫ L
0
sup
x∈R
|ϕ| dy
∫
R
sup
y∈(0,L)
|ϕ| dx
and obvious interpolating one-dimensional inequalities
sup
x∈R
|ψ| ≤
∫
R
|ψ′| dx, sup
y∈(0,L)
|ψ| ≤ c
L
∫ L
0
(|ψ′|+ |ψ|) dy,
sup
y∈(0,L)
|ψ| ≤
∫ L
0
|ψ′| dy if ψ(0) = 0 or ψ(L) = 0.
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If p ∈ (1, 2) let ϕ˜ ≡ |ϕ|p∗/2 signϕ , then in the general case the first one of
inequalities (1.19) for p = 1 yields that
‖ϕ‖p∗/2Lp∗ = ‖ϕ˜‖L2 ≤
c
L
∥∥|Dϕ˜|+ |ϕ˜|∥∥
L1
≤ c(p)
L
∥∥|ϕ|p∗/2−1(|Dϕ|+ |ϕ|)∥∥
L1
≤ c(p)
L
‖|ϕ|p∗/2−1‖Lp/(p−1)
∥∥|Dϕ|+ |ϕ|∥∥
Lp
=
c(p)
L
‖ϕ‖p∗/2−1Lp∗
∥∥|Dϕ|+ |ϕ|∥∥
Lp
,
whence (1.19) in this case follows. If ϕ|y=0 = ϕ|y=L = 0 one has to repeat this
argument with the use of the second one of inequalities (1.19) for p = 1 .
Now we can prove estimate (1.18) for k = 1 , m = 0 , q > 2 (for q = 2 it is
obvious). In fact, in the general case choosing p ∈ (1, 2) such that q < p∗ and ap-
plying first Ho¨lder inequality, then the first one of inequalities (1.19) to the function
Φ ≡ |ϕ|2/pψ1/21 ψ1/p
∗
2 signϕ (note that |DΦ| ≤ c(q)
(|Dϕ| + |ϕ|)ψ1/21 |ϕ|2/p∗ψ1/p∗2 )
and finally again Ho¨lder inequality we derive that
‖ϕψ1/2−1/q1 ψ1/q2 ‖Lq =
∥∥|Φ|q−2(|ϕ|ψ1/22 )q−2(q−2)/p∥∥1/qL1
≤ ‖Φ‖1−2/qLp∗ ‖ϕψ
1/2
2 ‖1−2(q−2)/(pq)L2 ≤
c(q)
L1−2/q
∥∥|DΦ|+ |Φ|∥∥1−2/q
Lp
‖ϕψ1/22 ‖1−2(q−2)/(pq)L2
≤ c1(q)
L1−2/q
∥∥(|Dϕ|+ |ϕ|)ψ1/21 |ϕ|2/p∗ψ1/p∗2 ∥∥1−2/qLp ‖ϕψ1/22 ‖1−2(q−2)/(pq)L2
≤ c1(q)
L1−2/q
∥∥(|Dϕ|+ |ϕ|)ψ1/21 ∥∥1−2/qL2 ‖ϕψ1/22 ‖2/qL2 .
If ϕ|y=0 = ϕ|y=L = 0 one has to repeat this argument with the use of the second
one of inequalities (1.19).
If k = 2 , m = 1 , q = 2 integration by parts yields an equality∫∫
(ϕ2x + ϕ
2
y)ψ
1/2
1 ψ
1/2
2 dxdy = −
∫∫
(ϕxx + ϕyy)ψ
1/2
1 · ϕψ1/22 dxdy
−
∫∫
ϕϕx(ψ
1/2
1 ψ
1/2
2 )
′ dxdy +
∫
R
(
ϕϕyψ
1/2
1 ψ
1/2
2
) ∣∣∣y=L
y=0
dx,
which in the case ϕ|y=0 = ϕ|y=L = 0 provides (1.18) with the constant c in-
dependent on L , while in the general case one has to use the one-dimensional
interpolating inequality
sup
y∈(0,L)
|ψ| ≤ c
[(∫ L
0
(ψ′)2 dy
)1/4(∫ L
0
ψ2 dy
)1/4
+
1
L1/2
(∫ L
0
ψ2 dy
)1/2]
.
Combination of the already obtained inequalities (1.18) in the cases k = 1 ,
m = 0 and k = 2 , m = 1 , q = 2 obviously provides this inequality also in the
case k = 2 , m = 0 , q < +∞ since
|ϕ|qψq/4−1/21 ψq/4+1/22 = |ϕ|q(ψ1/21 ψ1/22 )q/2−1ψ2.

For the decay results we need Steklov inequality in such a form: for ψ ∈ H10 (0, L)∫ L
0
ψ2(y) dy ≤ L
2
π2
∫ L
0
(
ψ′(y)
)2
dy. (1.20)
The paper is organized as follows. Auxiliary linear problems are considered
in Section 2. Section 3 is devoted to existence of weak solutions to the original
8
problem. Results on uniqueness are proved in Section 4. Decay of solutions is
studied in Section 5.
2. Auxiliary linear problems
Consider a linear equation
ut + bux + uxxx + uxyy + δ(uxxxx + uyyyy) = f(t, x, y) (2.1)
for a certain constant δ > 0 . Besides initial condition (1.2) set boundary conditions
u
∣∣
y=0
= u
∣∣
y=L
= uyy
∣∣
y=0
= uyy
∣∣
y=L
= 0, (t, x) ∈ (0, T )× R, (2.2)
and consider the corresponding initial-boundary value problem in ΠT .
Introduce certain additional function spaces. Let S(Σ) be a space of infinitely
smooth in Σ functions ϕ(x, y) such that (1 + |x|)n|∂kx∂lyϕ(x, y)| ≤ c(n, k, l) for
any integer non-negative n, k, l and all (x, y) ∈ Σ . Let Sexp(Σ±) denote a space of
infinitely smooth in Σ± functions ϕ(x, y) such that e
n|x||∂kx∂lyϕ(x, y)| ≤ c(n, k, l)
for any integer non-negative n, k, l and all (x, y) ∈ Σ± .
Lemma 2.1. Let u0 ∈ S(Σ) ∩ Sexp(Σ+) , f ∈ C∞
(
[0, T ]; S(Σ) ∩ Sexp(Σ+)
)
and
for any integer j ≥ 0
∂2jy u0
∣∣
y=0
= ∂2jy u0
∣∣
y=L
= 0, ∂2jy f
∣∣
y=0
= ∂2jy f
∣∣
y=L
= 0.
Then there exists a unique solution to problem (2.1), (1.2), (2.2) u ∈
C∞
(
[0, T ]; S(Σ) ∩ Sexp(Σ+)
)
.
Proof. For any natural l let ψl(y) ≡
√
2
L sin
pil
L y , λl =
(
pil
L
)2
. Then a solution to
the considered problem can be written as follows:
u(t, x, y) =
1
2π
∫
R
+∞∑
l=1
eiξxψl(y)û(t, ξ, l) dξ,
where
û(t, ξ, l) ≡ û0(ξ, l)e(i(ξ
3+ξλl−bξ)−δ(ξ
4+λ2l ))t
+
∫ t
0
f̂(τ, ξ, l)e(i(ξ
3+ξλl−bξ)−δ(ξ
4+λ2l ))(t−τ) dτ,
û0(ξ, l) ≡
∫∫
e−iξxψl(y)u0(x, y) dxdy, f̂(t, ξ, l) ≡
∫∫
e−iξxψl(y)f(t, x, y) dxdy,
and, obviously, u ∈ C∞([0, T ], S(Σ)) .
Next, let v ≡ ∂kx∂lyu for some integer k, l ≥ 0 . Then the function v satisfies an
equation of (2.1) type, where f is replaced by ∂kx∂
l
yf . Let m ≥ 4 . Multiplying
this equation by 2xmv and integrating over Σ+ we derive an inequality
d
dt
∫∫
Σ+
xmv2 dxdy + 2δ
∫∫
Σ+
xm(v2xx + v
2
yy) dxdy
− 4δm(m− 1)
∫∫
Σ+
xm−2vvxx dxdy ≤ m(m− 1)(m− 2)
∫∫
Σ+
xm−3v2 dxdy
+ 2
∫∫
Σ+
xm∂kx∂
l
yfv dxdy + bm
∫∫
Σ+
xm−1v2 dxdy.
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Here∣∣∣4δm(m− 1)∫∫
Σ+
xm−2vvxx dxdy
∣∣∣ ≤ 2δ ∫∫
Σ+
x2mv2xx dxdy
+ 2δm2(m− 1)2
∫∫
Σ+
xm−4v2 dxdy
and since m(m− 1) ≤ 6(m− 2)(m− 3) for m ≥ 4
d
dt
∫∫
Σ+
xmv2 dxdy ≤ 12δm(m− 1)(m− 2)(m− 3)
∫∫
Σ+
xm−4v2 dxdy
+m(m− 1)(m− 2)
∫∫
Σ+
xm−3v2 dxdy + 2
∫∫
Σ+
xm∂kx∂
l
yfv dxdy
+ |b|m
∫∫
Σ+
xm−1v2 dxdy.
Let α > 0 , n ≥ 4 . For any m ∈ [4, n] multiplying the corresponding inequality
by αm/(m!) and summing by m we obtain that for
zn(t) ≡
∫∫
Σ+
n∑
m=0
(αx)m
m!
v2(t, x, y) dxdy
inequalities
z′n(t) ≤ czn(t) + c, zn(0) ≤ c
hold uniformly with respect to n , whence it follows that
sup
t∈[0,T ]
∫∫
Σ+
eαxv2 dxdy <∞.
Thus, u ∈ C∞([0, T ], Sexp(Σ+)) . 
Next, consider generalized solutions. Let u0 ∈
(
S(Σ) ∩ Sexp(Σ−)
)′
, f ∈(
C∞([0, T ]; S(Σ) ∩ Sexp(Σ−))
)′
.
Definition 2.1. A function u ∈ (C∞([0, T ]; S(Σ)∩Sexp(Σ−)))′ is called a general-
ized solution to problem (2.1), (1.2), (2.2), if for any function φ ∈ C∞([0, T ]; S(Σ)∩
Sexp(Σ−)
)
, such that φ|t=T = 0 and φ|y=0 = φ|y=L = φyy|y=0 = φyy|y=L = 0 ,
the following equality holds:
〈u, φt + bφx + φxxx + φxyy − δφxxxx − δφyyyy〉+ 〈f, φ〉 + 〈u0, φ|t=0〉 = 0. (2.3)
Lemma 2.2. A generalized solution to problem (2.1), (1.2), (2.2) is unique.
Proof. The proof is implemented by standard Ho¨lmgren’s argument on the basis of
Lemma 2.1. 
Lemma 2.3. Let u0 ∈ Lψ(x)2 , f ≡ f0 + f1x + f2 y , where f0 ∈ L1(0, T ;Lψ(x)2 ) ,
f1, f2 ∈ L2(0, T ;Lψ(x)2 ) for a certain admissible weight function ψ(x) . Then
there exists a (unique) generalized solution to problem (2.1), (1.2), (2.2) u ∈
10
C([0, T ];L
ψ(x)
2 ) ∩ L2(0, T ;H2,ψ(x)) . Moreover, for any t0 ∈ (0, T ]
‖u‖
C([0,t0];L
ψ(x)
2 )
+ ‖u‖L2(0,t0;H2,ψ(x))
≤ c(T, δ)
[
‖u0‖Lψ(x)2 + ‖f0‖L1(0,t0;Lψ(x)2 ) + ‖f1‖L2(0,t0;Lψ(x)2 ) + ‖f2‖L2(0,t0;Lψ(x)2 )
]
.
(2.4)
Proof. It is sufficient to consider smooth solutions from Lemma 2.1 because of
linearity of the problem.
Multiplying (2.1) by 2u(t, x, y)ψ(x) and integrating over Σ we obtain an equal-
ity
d
dt
∫∫
u2ψ dxdy − b
∫∫
u2ψ′ dxdy +
∫∫
(3u2x + u
2
y)ψ
′ dxdy −
∫∫
u2ψ′′′ dxdy
+ 2δ
∫∫
(u2xx + u
2
yy)ψ dxdy − 4δ
∫∫
u2xψ
′′ dxdy + δ
∫∫
u2ψ(4) dxdy
= 2
∫∫
f0uψ dxdy − 2
∫∫ [
f1(uψ)x + f2uyψ
]
dxdy, (2.5)
whence (2.4) is immediate. 
Lemma 2.4. Let the hypothesis of Lemma 2.3 be satisfied for ψ(x) ≥ 1 ∀x ∈
R . Then for any test function φ ∈ C∞([0, T ]; S(Σ) ∩ Sexp(Σ−)) , such that
φ|t=T = 0 , φ|y=0 = φ|y=L = 0 , and for the corresponding generalized solution
u ∈ C([0, T ];L2) ∩ L2(0, T ;H2) the following equality holds:
∫∫∫
ΠT
u(φt + bφx + φxxx + φxyy) dxdydt − δ
∫∫∫
ΠT
(uxxφxx + uyyφyy) dxdydt
+
∫∫∫
ΠT
(f0φ− f1φx − f2φy) dxdydt +
∫∫
u0φ
∣∣
t=0
dxdy = 0. (2.6)
Proof. Approximate the function φ by functions satisfying the hypothesis of Defi-
nition 2.1, write corresponding equality (2.3), integrate by parts and then pass to
the limit. 
Lemma 2.5. Let u0 ∈ H1,ψ(x) , f ≡ f0 + f1 , where f0 ∈ L1(0, T ;H1,ψ(x)) ,
f1 ∈ L2(0, T ;Lψ(x)2 ) for a certain admissible weight function ψ(x) , u0|y=0 =
u0|y=l = 0 , f0|y=0 = f0|y=L = 0 . Then there exists a (unique) generalized solution
to problem (2.1), (1.2), (2.2) u ∈ C([0, T ];H1,ψ(x)) ∩ L2(0, T ;H3,ψ(x)) . Moreover,
for any t0 ∈ (0, T ]
‖u‖C([0,t0];H1,ψ(x)) + ‖u‖L2(0,t0;H3,ψ(x))
≤ c(T, δ)
[
‖u0‖H1,ψ(x) + ‖f0‖L1(0,t0;H1,ψ(x)) + ‖f1‖L2(0,t0;Lψ(x)2 )
]
. (2.7)
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Proof. In the smooth case multiplying (2.1) by −2((ux(t, x, y)ψ(x))x +
uyy(t, x, y)ψ(x)
)
and integrating over Σ one obtains an equality
d
dt
∫∫
(u2x+u
2
y)ψ dxdy− b
∫∫
(u2x+u
2
y)ψ
′ dxdy+
∫∫
(3u2xx+4u
2
xy+u
2
yy)ψ
′ dxdy
+ 2δ
∫∫
(u2xxx + u
2
xxy + u
2
xyy + u
2
yyy)ψ dxdy − 4δ
∫∫
(u2xx + u
2
xy)ψ
′′ dxdy
+ δ
∫∫
(u2x + u
2
y)ψ
(4) dxdy−
∫∫
(u2x + u
2
y)ψ
′′′ dxdy = 2
∫∫
(f0 xux + f0 yuy)ψ dxdy
− 2
∫∫
f1[(uxψ)x + uyyψ] dxdy, (2.8)
whence (2.7) follows. 
Now consider a linear initial-boundary value problem for an equation
ut+bux+uxxx+uxyy− (a1(x, y)ux)x− (a2(x, y)uy)y+a0(x, y)u = f(t, x, y), (2.9)
where the functions aj at least satisfy (1.4), (1.5), with initial and boundary
conditions (1.2), (1.3). Let u0 ∈
(
S(Σ) ∩ Sexp(Σ−)
)′
, f ∈ (C∞([0, T ]; S(Σ) ∩
Sexp(Σ−))
)′
.
Definition 2.2. A function u ∈ (C∞([0, T ]; S(Σ)∩Sexp(Σ−)))′ is called a general-
ized solution to problem (2.9), (1.2), (1.3), if a1ux, a2uy, a0u ∈
(
C∞([0, T ]; S(Σ) ∩
Sexp(Σ−))
)′
and for any function φ ∈ C∞([0, T ]; S(Σ) ∩ Sexp(Σ−)) , such that
φ|t=T = 0 and φ|y=0 = φ|y=L = 0 , the following equality holds:
〈u, φt + bφx + φxxx + φxyy〉 − 〈a1ux, φx〉 − 〈a2uy, φy〉
− 〈a0u, φ〉+ 〈f, φ〉 + 〈u0, φ|t=0〉 = 0. (2.10)
Lemma 2.6. Let a0 = a1 = a2 ≡ 0 , u0 ∈ L2 , f ≡ f0 + f1 x + f2 y , where
fj ∈ L2(ΠT ) ∀j . Assume that there exists a generalized solution to problem (2.9),
(1.2), (1.3) u ∈ L∞(0, T ;L2)∩L2(0, T ;H1) . Then u ∈ C([0, T ];L2) (after probable
change on a set of zero measure) and for any t ∈ [0, T ]∫∫
u2(t, x, y) dxdy =
∫∫
u20 dxdy + 2
∫ t
0
∫∫
(f0u− f1ux − f2uy) dxdydτ. (2.11)
Proof. Write equality (2.10):∫∫∫
ΠT
[
u(φt + bφx + φxxx + φxyy) + (f0 − f1ux − f2uy)
]
dxdydt
+
∫∫
u0φ
∣∣
t=0
dxdy = 0. (2.12)
In particular, (2.12) provides that ut ∈ L2(0, T ;H−2) and, thus, after probable
change on a set of zero measure u ∈ Cw([0, T ];L2) .
Substitute in (2.12) the variable x by the variable ξ and for any x ∈ R choose
the test function φ in the form
φ(t, ξ, y) ≡ 1
h
λ
(
x− ξ
h
)
ω(t, y),
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where h > 0 , λ is the averaging kernel (for example, λ(x) = ce1/(x
2−1) if
|x| < 1 , λ(x) = 0 if |x| ≥ 1 , where the positive constant c is chosen such that∫ 1
−1 λ(x) dx = 1 ), ω ∈ C∞([0, T ]×[0, L]) , ω|t=T = ω|t=0 = 0 , ω|y=0 = ω|y=L = 0 .
Then if we set
uh(t, x, y) ≡ 1
h
∫
R
λ
(
x− ξ
h
)
u(t, ξ, y) dξ
(and similarly fhj ) we obtain an equality∫∫
(0,T )×(0,L)
(uhωt−buhxω−uhxxxω−uhxωyy+fh0 ω+fh1xω−fh2 ωy) dydt = 0. (2.13)
Note that ∂jxu
h ∈ L∞(0, T ;L2) ∩ L2(0, T ;H1) ∀j and uh ∈ Cw([0, T ];L2) .
Let φ ∈ C∞0 (ΠT ) . For any x ∈ R choose in equality (2.13) ω(t, y) ≡ φ(t, x, y)
and integrate over R , then∫∫∫
ΠT
[
uh(φt + bφx + φxxx + φxyy) + f
h
0 φ− fh1 φx − fh2 φy
]
dxdydt = 0,
that is in D′(ΠT ) we have an equality
uht + bu
h
x + u
h
xxx + u
h
xyy = f
h
0 + f
h
1 x + f
h
2 y. (2.14)
Note that uhxyy, f
h
2 y ∈ L2(0, T ;H−1) , fh0 , fh1x ∈ L2(0, T ;L2) , therefore, equality
(2.14) yields that uht ∈ L2(0, T ;H−1) . Since uh ∈ L2(0, T ;H10) we have that
uh ∈ C([0, T ];L2) and
‖uh(t, ·, ·)‖2L2 = ‖uh0‖2L2 + 2
∫ t
0
〈uhτ , uh〉 dτ
= ‖uh0‖2L2 + 2
∫ t
0
∫∫
(fh0 u
h − fh1 uhx − fh2 uhy − buhxuh − uhxxxuh + uhxyuhy | dxdydτ,
where the integrals of three last terms are obviously equal to zero.
Therefore, passing to the limit when h → 0 we obtain equality (2.11). In
particular, (2.11) yields that ‖u(t, ·, ·)‖L2 ∈ C[0, T ] and taking into account weak
continuity we find that u ∈ C([0, T ];L2) . 
Lemma 2.7. A generalized solution to problem (2.9), (1.2), (1.3) is unique in the
space L∞(0, T ;L2) ∩ L2(0, T ;H1) if assumptions (1.4), (1.5) hold.
Proof. Consider a solution to problem (2.9), (1.2), (1.3) for u0 ≡ 0 , f ≡ 0 as a
solution to a problem of the same type but where a0 = a1 = a2 ≡ 0 , u0 ≡ 0 ,
f ≡ f0 + f1x + f2 y , f0 ≡ −a0u , f1 ≡ a1ux , f2 ≡ a2uy . Then by virtue of (2.11)∫∫
u2(t, x, y) dxdy + 2
∫ t
0
∫∫
(a1u
2
x + a2u
2
y + a0u
2) dxdydτ = 0
and, therefore, u ≡ 0 . 
Lemma 2.8. Let assumptions (1.4)–(1.6) be satisfied, u0 ∈ Lψ(x)2 , f ≡ f0+f1x+
f2 y , where f0 ∈ L1(0, T ;Lψ(x)2 ) , f1, f2 ∈ L2(0, T ;Lψ(x)2 ) for a certain admissible
weight function ψ(x) ≥ 1 ∀x ∈ R such that ψ′(x) > 0 ∀x ∈ R . Then there exists a
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(unique) generalized solution to problem (2.9), (1.2), (1.3) u ∈ Cw([0, T ];Lψ(x)2 ) ∩
L2(0, T ;H
1,ψ(x)) and for any t ∈ [0, T ]
∫∫
u2ψ(x) dxdy +
∫ t
0
∫∫
|Du|2ψ′ dxdydτ + 2
∫ t
0
∫∫
(a1u
2
x + a2u
2
y)ψ dxdydτ
≤
∫∫
u20ψ dxdy + 2
∫ t
0
∫∫ [
f0uψ − f1(uψ)x − f2uyψ
]
dxdydτ
+ c
∫ t
0
∫∫
u2ψ dxdydτ, (2.15)
where the constant c depends on b , a0 and ψ .
Proof. For any h ∈ (0, 1] and v ∈ Y (ΠT ) = C([0, T ];Lψ(x)2 ) ∩ L2(0, T ;H2,ψ(x))
consider an initial-boundary value problem for an equation
ut + bux + uxxx + uxyy + h(uxxxx + uyyyy) = f + (a1vx)x + (a2vy)y − a0v (2.16)
with initial and boundary conditions (1.2), (2.2). Lemma 2.3 provides that there
exists a solution to this problem uh,v ∈ Y (ΠT ) . By virtue of (2.4) and (1.18) for
v, v˜ ∈ Y (ΠT )
‖uh,v − uh,v˜‖Y (Πt0) ≤ c
[
‖a0(v − v˜)‖L1(0,t0;Lψ(x)2 ) + ‖a1(v − v˜)x‖L2(0,t0;Lψ(x)2 )
+‖a2(v − v˜)y‖L2(0,t0;Lψ(x)2 )
]
≤ c1t1/40 ‖v − v˜‖1/2C([0,t0];Lψ(x)2 )‖v − v˜‖
1/2
L2(0,t0;H2,ψ(x))
,
whence by the standard argument succeeds existence of a solution uh ∈ Y (ΠT ) to
an initial-boundary value problem for an equation
ut + bux + uxxx + uxyy + h(uxxxx + uyyyy)− (a1ux)x − (a2uy)y + a0u = f (2.17)
with initial and boundary conditions (1.2), (2.2).
Multiply (2.17) by 2uh(t, x, y)ψ(x) and integrate over Σ , then (note that
uh tψ
1/2 ∈ L2(0, T ;H−2) ):
d
dt
∫∫
u2hψ(x) dxdy +
∫∫
(3u2hx + u
2
h y)ψ
′ dxdy + 2h
∫∫
(u2hxx + u
2
h yy)ψ dxdy
=
∫∫
u2h(bψ
′ + ψ′′′ − hψ(4)) dxdy + 4h
∫∫
u2hxψ
′′ dxdy
+2
∫∫ [(
f0uhψ − f1(uhψ)x − f2uhy
)− (a1uhx(uhψ)x + a2u2h yψ + a0u2hψ)] dxdy.
(2.18)
Since for a certain constant a˜ > 0 , any (x, y) ∈ Σ and j = 1 or 2
ψ′(x) + 2aj(x, y)ψ(x) ≥ a˜ψ(x) (2.19)
14
inequality (2.18) yields that∫∫
u2h(t, x, y)ψ(x) dxdy + a˜
∫ t
0
∫∫
|Duh|2ψ dxdydτ
+ h
∫ t
0
∫∫
(u2hxx + u
2
h yy)ψ dxdydτ ≤
∫∫
u20ψ dxdy + c
∫ t
0
∫∫
u2hψ dxdydτ
+ c
∫ t
0
∫∫ [|f0uh|+ |f1uhx|+ |f1uh|+ |f2uh y|+ |uhuhx|]ψ dxdydτ. (2.20)
Moreover, equality (2.6) yields that∫∫∫
ΠT
uh(φt+bφx+φxxx+φxyy) dxdydt−h
∫∫∫
ΠT
(uhxxφxx+uh yyφyy) dxdydt
+
∫∫∫
ΠT
(f0φ−f1φx−f2φy) dxdydt−
∫∫∫
ΠT
(a0uhφ+a1uhxφx+a2uhyφy) dxdydt
+
∫∫
u0φ
∣∣
t=0
dxdy = 0 (2.21)
for any test function φ from Definition 2.2. With the use of (2.20) passing to the
limit when h→ +0 in (2.18) and (2.21) we finish the proof. 
Lemma 2.9. Let assumptions (1.4), (1.5) and (1.7) be satisfied, u0 ∈ L12 , f ≡
f0+f1x+f2y , where f0 ∈ L1(0, T ;L12) , f1, f2 ∈ L2(0, T ;L3/22 ) . Then there exists
a (unique) generalized solution to problem (2.9), (1.2), (1.3) u ∈ Cw([0, T ];L12) ∩
L2(0, T ;H
1,1/2) and for any t ∈ [0, T ]∫∫
u2ρ1(x) dxdy + c0
∫ t
0
∫∫
|Du|2ρ1/2 dxdydτ ≤
∫∫
u20ρ1 dxdy
+ c
∫ t
0
∫∫
u2ρ1 dxdydτ + 2
∫ t
0
∫∫
[f0uρ1 − f1(uρ1)x − f2uyρ1] dxdydτ, (2.22)
where the positive constants c0 and c depend on b and properties of aj .
Proof. As in the proof of Lemma 2.8 consider for h ∈ (0, 1] initial-boundary value
problems (2.17), (1.2), (2.2). Lemma 2.3 provides that solutions to these problems
uh ∈ Cw([0, T ];L12) ∩ L2(0, T ;H2,1) exist. Multiplying (2.17) by 2uh(t, x, y)ρ1(x)
and integrating over Σ one obtains inequality (2.18) for ψ ≡ ρ1 . Here∫∫
(3u2hx + u
2
hy)ρ
′
1 dxdy + 2
∫∫
(a1u
2
hxρ1 + a2u
2
h yρ1) dxdy
≥ 2c0
∫∫
|Duh|2ρ1/2 dxdy,
∣∣∣∫∫ a1uhxuhρ′1 dxdy∣∣∣ ≤ ε
∫∫
u2hxρ1/2 dxdy + c(ε)
∫∫
u2hρ1 dxdy,
where ε > 0 can be chosen arbitrarily small,∣∣∣∫∫ f1uhxρ1 dxdy∣∣∣ ≤ ε ∫∫ u2hxρ1/2 dxdy + c(ε)
∫∫
f21 ρ3/2 dxdy,∫∫
f2uh yρ1 dxdy is estimated in a similar way. The end of the proof is the same
as for Lemma 2.8. 
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3. Existence of weak solutions
Let assumptions (1.4), (1.5) be satisfied, u0 ∈ L2 , f ∈ L1(0, T ;L2) .
Definition 3.1. A function u ∈ L∞(0, T ;L2) ∩ L2
(
0, T ;H1((−r, r) × (0, L)))
∀r > 0 is called a weak solution to problem (1.1)–(1.3) if for any function
φ ∈ C∞(ΠT ) , such that φ|t=T ≡ 0 , φ(t, x, y) = 0 when |x| ≥ r for some r > 0
and φ|y=0 = φ|y=L = 0 , the following equality holds:∫∫∫
ΠT
[
u(φt+bφx+φxxx+φxyy+
1
2
u2φx−a1uxφx−a2uyφy−a0uφ+fφ
]
dxdydτ
+
∫∫
Σ
u0φ
∣∣
t=0
dxdy = 0. (3.1)
Remark 3.1. If a weak solution to problem (1.1)–(1.3) u ∈ L∞(0, T ;H1) then
equality (3.1) also holds for test functions φ from Definition 2.2.
Besides the original problem consider an auxiliary problem for a ”regularized”
equation
ut+bux+uxxx+uxyy+δ(uxxxx+uyyyy)+
(
g(u)
)
x
−(a1ux)x−(a2uy)y+a0u = f (3.2)
with initial condition (1.2) and boundary conditions (2.2) for δ > 0 and certain
function g . A notion of a weak solution is introduced similarly to Definition 3.1 but
here the solution is assumed to belong to the space L∞(0, T ;L2) ∩ L2(0, T ;H2) ,
it is also assumed that g(u(t, x, y)) ∈ L1
(
(0, T )× (−r, r) × (0, L)) ∀r > 0 , in the
corresponding integral equality the term u2φx/2 is substituted by g(u)φx and the
terms −δ(uxxφxx + uyyφyy) are supplemented in the first integral. Note that if
g ≡ 0 a weak solution to problem (3.2), (1.2), (2.2) satisfy equality (2.6) where
f0 ≡ f − a0u , f1 ≡ a1ux , f2 ≡ a2uy .
Lemma 3.1. Let δ > 0 , g ∈ C1(R) , g(0) = 0 , |g′(u)| ≤ c ∀u ∈ R and assump-
tion (1.5) holds. Let u0 ∈ Lψ(x)2 , f ∈ L1(0, T ;Lψ(x)2 ) for a certain admissible
weight function ψ(x) ≥ 1 ∀x ∈ R . Then problem (3.2), (1.2), (2.2) has a unique
weak solution u ∈ C([0, T ];Lψ(x)2 ) ∩ L2(0, T ;H2,ψ(x)) .
Proof. We apply the contraction principle. For t0 ∈ (0, T ] define a mapping Λ on
a set Y (Πt0) = C([0, t0];L
ψ(x)
2 ) ∩ L2(0, t0;H2,ψ(x)) as follows: u = Λv ∈ Y (Πt0)
is a generalized solution to a linear problem
ut+bux+uxxx+uxyy+δ(uxxxx+uyyyy) = f−
(
g(v)
)
x
+(a1vx)x+(a2vy)y−a0v (3.3)
in Πt0 with initial and boundary conditions (1.2), (2.2).
Note that |g(v)| ≤ c|v| and, therefore,
‖g(v)‖
L2(0,t0;L
ψ(x)
2 )
≤ c‖v‖
L2(0,t0;L
ψ(x)
2 )
<∞.
According to Lemma 2.3 the mapping Λ exists and according to Lemma 2.4 the
corresponding analogue of equality (2.6) can be written. Moreover, for functions
v, v˜ ∈ Y (Πt0)
‖g(v)− g(v˜)‖
L2(0,t0;L
ψ(x)
2 )
≤ c‖v − v˜‖
L2(0,t0;L
ψ(x)
2 )
≤ ct1/20 ‖v − v˜‖C([0,t0];Lψ(x)2 ),
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‖a1(vx − v˜x)‖L2(0,t0;Lψ(x)2 )
≤ c
[∫ t0
0
(∥∥|D2(v − v˜)|∥∥
L
ψ(x)
2
‖v − v˜‖
L
ψ(x)
2
+ ‖v − v˜‖2
L
ψ(x)
2
)
dt
]1/2
≤ c1t1/40 ‖v − v˜‖Y (Πt0 )
and similarly for a2(vy − v˜y) . As a result, according to inequality (2.4)
‖Λv − Λv˜‖Y (Πt0 ) ≤ c(T, δ)t
1/4
0 ‖v − v˜‖Y (Πt0 ).

Now we pass to the results of existence in Theorem 1.1.
Proof of existence part of Theorem 1.1. For h ∈ (0, 1] consider a set of initial-
boundary value problems in ΠT
ut+ bux+uxxx+uxyy+h(uxxxx+uyyyy)+ (gh(u))x− (a1ux)x− (a2uy)y+ a0u = f
(3.4)
with boundary conditions (1.2), (2.2), where
gh(u) ≡
∫ u
0
[
θη(2 − h|θ|) + 2 sign θ
h
η(h|θ| − 1)
]
dθ. (3.5)
Note that gh(u) = u
2/2 if |u| ≤ 1/h , |g′h(u)| ≤ 2/h ∀u ∈ R and |g′h(u)| ≤ 2|u|
uniformly with respect to h .
According to Lemma 3.1 there exists a unique solution to this problem uh ∈
C([0, T ];L
ψ(x)
2 ) ∩ L2(0, T ;H2,ψ(x)) .
Next, establish appropriate estimates for functions uh uniform with respect to
h .
Multiply (3.4) by 2uh(t, x, y) and integrate over Σ , then (we omit the index h
in intermediate steps for simplicity):
d
dt
∫∫
u2 dxdy + 2h
∫∫
(u2xx + u
2
yy) dxdy + 2
∫∫
g′(u)uux dxdy
+ 2
∫∫
(a1u
2
x + a2u
2
y + a0u
2) dxdy = 2
∫∫
fu dxdy. (3.6)
Since
g′(u)uux =
(∫ u
0
g′(θ)θ dθ
)
x
≡ (g′(u)u)∗
x
, (3.7)
where here and further g∗(u) ≡ ∫ u
0
g(θ) dθ denotes the primitive for g such that
g(0) = 0 , we have that
∫∫
g′(u)uxu dxdy = 0 and equality (3.6) yields that
‖uh‖C([0,T ];L2) + h1/2‖uh‖L2(0,T ;H2) ≤ c (3.8)
uniformly with respect to h (and also uniformly with respect to L ).
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Next, multiply (3.4) by 2uh(t, x, y)ψ(x) and integrate over Σ , then similarly to
(2.18) with the use of (3.7)
d
dt
∫∫
u2ψ dxdy +
∫∫
(3u2x + u
2
y)ψ
′ dxdy + 2h
∫∫
(u2xx + u
2
yy)ψ dxdy
− 2
∫∫
(g′(u)u)
∗
ψ′ dxdy + 2
∫∫
(a1u
2
x + a2u
2
y)ψ dxdy + 4h
∫∫
u2xψ
′′ dxdy
=
∫∫
u2(bψ′ + ψ′′′ − hψ(4)) dxdy −
∫∫
a1uxψ
′ dxdy + 2
∫∫
fuψ dxdy. (3.9)
Apply interpolating inequality (1.18) for k = 1 , m = 0 , ψ1 = ψ2 ≡ ψ′ :∣∣∣∫∫ (g′(u)u)∗ ψ′ dxdy∣∣∣ ≤ ∫∫ |u|3ψ′ dxdy
≤
(∫∫
u2 dxdy
)1/2(∫∫
|u|4(ψ′)2 dxdy
)1/2
≤ c
(∫∫
u2 dxdy
)1/2
×
[(∫∫
|Du|2ψ′dxdy
)1/2(∫∫
u2ψ′ dxdy
)1/2
+
∫∫
u2ψ′ dxdy
]
(3.10)
(note that here the constant c is also uniform with respect to L ). Since the norm
of the functions uh in the space L2 is already estimated in (3.8), it follows from
(3.9), (3.10) that
‖uh‖C([0,T ];Lψ(x)2 ) +
∥∥|Duh|∥∥L2(0,T ;Lψ′(x)2 ) + h1/2‖uh‖L2(0,T ;H2,ψ(x)) ≤ c. (3.11)
Finally, multiply (3.4) by 2uh(t, x, y)ρ0(x − x0) for any x0 ∈ R and integrate
over Σ , then it follows from the corresponding analogue of (3.9) that (see (1.10))
λ(|Duh|;T ) ≤ c. (3.12)
From equation (3.4) itself, (3.8) and the well-known embedding L1 ⊂ H−2 it
follows that uniformly with respect to h
‖uh t‖L1(0,T ;H−3) ≤ c. (3.13)
Estimates (3.11)–(3.13) by the standard argument provide existence of a weak
solution to problem (1.1)–(1.3) u ∈ Xψ(x)(ΠT ) (see, for example, [2]) as a limit of
functions uh when h→ +0 .
If additional assumption (1.6) holds then inequalities (2.19) and (3.9) yield that
uniformly with respect to h ∥∥|Duh|∥∥L2(0,T ;Lψ(x)2 ) ≤ c (3.14)
and, therefore, u ∈ L2(0, T ;H1,ψ(x)) .
If additional assumption (1.7) holds then for j = 1 or 2
ψ′(x) + 2aj(x, y)ψ(x) ≥ const > 0 ∀ x ≤ 0 (3.15)
and (3.9) provides that ∥∥|Duh|∥∥L2(0,T ;L2,−) ≤ c, (3.16)
therefore, u ∈ L2(0, T ;H1−) .
Finally, if additional assumption (1.8) holds then inequality (2.19) is valid for
x ≥ 0 so (3.9) provides that ∥∥|Duh|∥∥L2(0,T ;Lψ(x)2,+ ) ≤ c (3.17)
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and, therefore, u ∈ L2(0, T ;H1,ψ(x)+ ) . 
Remark 3.2. Lemma 2.6 provides that under the hypothesis of Theorem 1.1 with
additional assumption (1.6) and if f ∈ L2(ΠT ) a weak solution to problem (1.1)–
(1.3) u ∈ C([0, T ];L2) (put it this Lemma f0 ≡ f − a0u , f1 ≡ a1ux − u2/2 ,
f2 ≡ a2uy ).
We now proceed to solutions in spaces H1,ψ(x) and firstly estimate a lemma
analogous to Lemma 3.1.
Lemma 3.2. Let δ > 0 , g ∈ C2(R) , g(0) = 0 and |g′(u)|, |g′′(u)| ≤ c ∀u ∈
R , a1, a2 ∈ W 1∞ , a0 ∈ L∞ . Let u0 ∈ H1,ψ(x) , f ∈ L1(0, T ;H1,ψ(x)) for a
certain admissible weight function ψ(x) ≥ 1 ∀x ∈ R , u0|y=0 = u0|y=L = 0 ,
f |y=0 = f |y=L = 0 . Then problem (3.1), (1.2), (2.2) has a unique weak solution
u ∈ C([0, T ];H1,ψ(x)) ∩ L2(0, T ;H3,ψ(x)) .
Proof. Introduce for t0 ∈ (0, T ] a space Y1(Πt0) = C([0, t0];H1,ψ(x)) ∩
L2(0, t0;H
3,ψ(x)) and define a mapping Λ on it in the same way as in the proof of
Lemma 3.1 (with the substitution of Y by Y1 ). Since |g′(v)vx| ≤ c|vx| then
‖g′(v)vx‖L2(0,t0;Lψ(x)2 ) ≤ ct
1/2
0 ‖v‖C([0,t0];H1,ψ(x)).
Besides that
‖a1vxx‖L2(0,t0;Lψ(x)2 ) + ‖a2vyy‖L2(0,t0;Lψ(x)2 )
≤ ct1/40
∥∥|D3v|∥∥1/2
L2(0,t0;L
ψ(x)
2 )
∥∥|Dv|∥∥1/2
C([0,t0];L
ψ(x)
2 )
and according to Lemma 2.5 (where f1 ≡ −g′(v)vx+(a1vx)x+(a2vy)y−a0v ) such
a mapping Λ exists. Moreover, by virtue of (2.7)
‖Λv‖Y1(Πt0 ) ≤ c
(
‖u0‖H1,ψ(x) + ‖f‖L1(0,t0;H1,ψ(x)) + t1/40 ‖v‖Y1(Πt0 )
)
. (3.18)
Next, since |g′(v)vx− g′(v˜)v˜x| ≤ c|vx| · |v− v˜|+ c|vx− v˜x| inequality (2.7) provides
that
‖Λv − Λv˜‖Y1(Πt0 ) ≤ c
∥∥g′(v)vx − g′(v˜)v˜x∥∥L2(0,t0;Lψ(x)2 )
+ c
∥∥(a1(vx − v˜x))x∥∥L2(0,t0;Lψ(x)2 ) + c∥∥(a2(vy − v˜y))y∥∥L2(0,t0;Lψ(x)2 )
+ c
∥∥a0(v − v˜)∥∥L2(0,t0;Lψ(x)2 )
≤ c
[
sup
t∈[0,t0]
||vx||Lψ(x)2
∥∥ sup
(x,y)∈Σ
|v − v˜|
∥∥
L2(0,t0)
+ t
1/4
0 ‖v − v˜‖Y1(Πt0 )
]
≤ c1
[
sup
t∈[0,t0]
‖v‖H1,ψ(x) · sup
t∈[0,t0]
‖v − v˜‖1/2L2 · t
1/4
0 · ‖v − v˜‖1/2L2(0,t0;H2)
+ t
1/4
0 ‖v − v˜‖Y1(Πt0 )
]
≤ c2t1/40
(
1 + sup
t∈[0,t0]
‖v‖H1,ψ(x)
)‖v − v˜‖Y1(Πt0 ), (3.19)
where we used inequality (1.18) for q = +∞ , ψ1 = ψ2 ≡ 1 .
Now we prove the following a priori estimate: if u ∈ Y1(ΠT ′) is a solution to
the considered problem for some T ′ ∈ (0, T ] then
‖u‖C([0,T ′];H1,ψ(x)) ≤ c(‖u0‖H1,ψ(x) , ‖f‖L1(0,T ′;H1,ψ(x))). (3.20)
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Multiply (3.2) by 2
[
u(t, x, y)ψ(x) − (ux(t, x, y)ψ(x))x − uyy(t, x, y)ψ(x)
]
and
integrate over Σ then
d
dt
∫∫
(u2 + |Du|2)ψ dxdy + 2δ
∫∫
|D3u|2ψ dxdy
≤ 2
∫∫
(fu+ fxux + fyuy)ψ dxdy + c
∫∫
(u2 + |Du|2 + |D2u|2)ψ dxdy. (3.21)
Since ∫∫
|D2u|2ψ dxdy ≤ ε
∫∫
|D3u|2ψ dxdy + c(ε)
∫∫
|Du|2ψ dxdy,
where ε > 0 can be chosen arbitrarily small, inequality (3.21) provides estimate
(3.20).
Inequalities (3.18), (3.19) give an opportunity to construct a solution to the
considered problem locally in time by the contraction while estimate (3.20) enables
to extend it for the whole time segment [0, T ] . 
Proof of existence part of Theorem 1.2. As in the proof of Theorem 1.1 consider the
set of ”regularized” problems (3.4), (1.2), (2.2) and for their corresponding solutions
uh ∈ C([0, T ];H1,ψ(x))∩L2(0, T ;H3,ψ(x)) (note that |g′′h(u)| ≤ c ∀u ∈ R) establish
appropriate estimates uniform with respect to h .
Multiply (3.4) by −2[(uhx(t, x, y)ψ(x))x + uh yy(t, x, y)ψ(x) +
gh
(
uh(t, x, y)
)
ψ(x)
]
and integrate over Σ then (index h is again omitted):
d
dt
∫∫ (
u2x + u
2
y − 2g∗(u)
)
ψ dxdy − b
∫∫ (
u2x + u
2
y − 2g∗(u)
)
ψ′ dxdy
+
∫∫
(3u2xx + 4u
2
xy + u
2
yy)ψ
′ dxdy −
∫∫
(u2x + u
2
y)ψ
′′′ dxdy
+ 2h
∫∫
(u2xxx + u
2
xxy + u
2
xyy + u
2
yyy)ψ dxdy − 4h
∫∫
(u2xx + u
2
xy)ψ
′′ dxdy
+ h
∫∫
(u2x + u
2
y)ψ
(4) dxdy − 2
∫∫
g′(u)u2xψ
′ dxdy + 2
∫∫
g(u)(uxx + uyy)ψ
′ dxdy
+ 2h
∫∫
g′(u)(uxuxxx + uyuyyy)ψ dxdy + 2h
∫∫
g(u)uxxxψ
′ dxdy
+ 2
∫∫
(g′(u)g(u))
∗
ψ′ dxdy + 2
∫∫
[a1u
2
xx + (a1 + a2)u
2
xy + a2u
2
yy]ψ dxdy
−
∫∫ (
(a1 xx + a1 yy)u
2
x + (a2 xx + a2 yy)u
2
y
)
ψ dxdy +
∫
R
(
a2 yu
2
yψ
) ∣∣y=L
y=0
dx
−
∫∫
(a1 xu
2
y + a2xu
2
y − 2a1yuxuy)ψ′ dxdy −
∫∫
a1(u
2
x + u
2
y)ψ
′′ dxdy
− 2
∫∫
g′(u)(a1u
2
x + a2u
2
y)ψ dxdy − 2
∫∫
a1g(u)uxψ
′ dxdy
+ 2
∫∫
a0(u
2
x + u
2
y)ψ dxdy + 2
∫∫
(a0xux + a0 yuy)uψ dxdy
− 2
∫∫
a0g(u)ψ dxdy = 2
∫∫ (
fxux + fyuy − fg(u)
)
ψ dxdy. (3.22)
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Remind that g∗(u) =
∫ u
0
g(θ) dθ , so |g∗(u)| ≤ |u|3/3 and similarly to (3.10)∣∣∣∫∫ g∗(u)ψ dxdy∣∣∣ ≤ c(∫∫ |Du|2ψ dxdy)1/2 + c,
where the already obtained estimated (3.11) on ‖uh‖C([0,T ];Lψ(x)2 ) is also used.
Next, with the use of (3.11) and (1.18) first for k = 1 we derive that∣∣∣∫∫ g′(u)u2xψ′ dxdy∣∣∣ ≤ 2(
∫∫
u2 dxdy
)1/2(∫∫
u4x(ψ
′)2 dxdy
)1/2
≤ c
[(∫∫
|Dux|2ψ′ dxdy
)1/2(∫∫
u2xψ dxdy
)1/2
+
∫∫
u2xψ dxdy
]
,
∣∣∣∫∫ g(u)(uxx+uyy)ψ′ dxdy∣∣∣ ≤ c(∫∫ (u2xx+u2yy)ψ′ dxdy)1/2(
∫∫
u4ψ2 dxdy
)1/2
≤ c1
(∫∫
(u2xx + u
2
yy)ψ
′ dxdy
)1/2[(∫∫
|Du|2ψ dxdy
)1/2
+ 1
]
and then with the use of (1.18) for k = 3 that
h
∣∣∣∫∫ g′(u)(uxuxxx + uyuyyy)ψ dxdy∣∣∣ ≤ ch(∫∫ |D3u|2ψ dxdy)1/2
×
(∫∫
u4ψ2 dxdy
)1/4(∫∫
|Du|4ψ2 dxdy
)1/4
≤ c1h
(∫∫
|D3u|2ψ dxdy
)5/6
+c1.
Next, we apply interpolating inequality (1.19) for p = 1 and find that∫∫
a1|g′(u)|u2xψ dxdy ≤ 2
(∫∫
a21u
4
xψ
2 dxdy
)1/2(∫∫
u2 dxdy
)1/2
≤ c
(∫∫ ∣∣D(a1u2xψ)∣∣ dxdy)
≤ ε
∫∫
a1(u
2
xx + u
2
x + u
2
xy)ψ dxdy + c(ε)
∫∫
(|a1 x|+ |a1 y|) u2xψ dxdy,
where ε > 0 can be chosen arbitrarily small. Of course,
∫∫
a2|g′(u)|u2yψ dxdy is
estimated in the same way.
Finally,∫∫
|fg(u)|ψ dxdy ≤
(∫∫
f2ψ dxdy
)1/2(∫∫
u4ψ2 dxdy
)1/2
≤ c
(∫∫
f2ψ dxdy
)1/2[(∫∫
|Du|2ψ dxdy
)1/2
+ 1
]
.
Therefore, it follows from (3.22) that uniformly with respect to h
‖uh‖C([0,T ];H1,ψ(x)) +
∥∥|D2uh|∥∥L2(0,T ;Lψ′(x)2 ) + h1/2‖uh‖L2(0,T ;H3,ψ(x)) ≤ c. (3.23)
As in the proof of Theorem 1.1 one can repeat this argument where ψ(x) is sub-
stituted by ρ0(x− x0) and similarly to (3.12) obtain an estimate
λ(|D2uh|;T ) ≤ c. (3.24)
Estimates (3.23), (3.24) and (3.13) provide existence of a weak solution to the
considered problem u ∈ X1,ψ(x)(ΠT ) .
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Additional properties of this solution under assumptions (1.6), (1.7) or (1.8) are
established in the same way (see (3.14)–(3.17)) as in Theorem 1.1. 
4. Uniqueness
Consider four lemmas which provide uniqueness results of Theorems 1.1 and 1.2.
Note that similar argument can be applied to establish continuous dependence of
solutions on the initial data u0 and the function f .
Lemma 4.1. Let assumptions (1.4) and (1.5) hold, then a weak solution to problem
(1.1)–(1.3) is unique in the space X1,1/2(ΠT ) .
Proof. Let u and u˜ be two solutions to the same problem in the considered space,
v ≡ u− u˜ . Then v is a weak solution to a linear problem
vt + bvx + vxxx + vxyy − (a1vx)x − (a2vy)y + a0v = 1
2
(
u˜2 − u2)
x
, (4.1)
v
∣∣
t=0
= 0, v
∣∣
y=0
= v
∣∣
y=L
= 0. (4.2)
Let ψ(x) ≡ κ1/2(x) . Then v ∈ L∞(0, T ;H1,ψ(x)) . Note also that u2, u˜2 ∈
L∞(0, T ;L
1
2) since∫∫
u4ρ1(x) dxdy ≤ c
(∫∫ (|Du|2 + u2) ρ1/2(x) dxdy)2 <∞. (4.3)
For r ≥ 1 let ψr(x) ≡ ψ(x)η(r + 1 − x) + (2 + r)η(x − r) , then |D2v| ∈
L2(0, T ;L
ψr(x)
2 ) and it follows from (4.1) that vtψ
1/2
r ∈ L2(0, T ;H−1) .
Multiply (4.1) by 2v(t, x, y)ψr(x) , integrate over Πt and then pass to the limit
when r → +∞ :∫∫
v2ψ dxdy +
∫ t
0
∫∫
(3v2x + v
2
y)ψ
′ dxdydτ −
∫ t
0
∫∫
v2(ψ′′′ + bψ′) dxdydτ
+ 2
∫ t
0
∫∫
(a1v
2
x + a2v
2
y + a0v
2)ψ dxdydτ + 2
∫ t
0
∫∫
a1vvxψ
′ dxdydτ
= 2
∫ t
0
∫∫
(u˜u˜x − uux)vψ dxdydτ. (4.4)
Here ∣∣∣∫∫ (u˜u˜x − uux)vψ dxdy∣∣∣ ≤ c ∫∫ (|ux|+ |u˜x|+ |u|+ |u˜|)v2ψ dxdy
and since ψ(x)/ψ′(x) ≤ c(ε)(1 + x+) for all x ∈ R∫∫ (|ux|+ |u|)v2ψ dxdy ≤ (2 ∫∫ (u2x + u2) ψψ′ dxdy
)1/2(∫∫
v4ψ′ψ dxdy
)1/2
≤ c
(∫∫
(u2x + u
2)ρ1/2 dxdy
)1/2[(∫∫
|Dv|2ψ′ dxdy
)1/2(∫∫
v2ψ dxdy
)1/2
+
∫∫
v2ψ dxdy
]
. (4.5)
Therefore, inequality (4.4) yields that v ≡ 0 . 
Lemma 4.2. Let assumptions (1.4)–(1.6) hold, then a weak solution to problem
(1.1)–(1.3) is unique in the space L∞(0, T ;L2) ∩ L2(0, T ;H1) .
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Proof. As in the proof of Lemma 4.1 consider linear problem (4.1), (4.2). Here
similarly to (4.3) u2, u˜2 ∈ L2(ΠT ) . Therefore, the hypothesis of Lemma 2.8 is
satisfied for ψ(x) ≡ ρ0(x) and according to (2.15)∫∫
v2(t, x, y)ρ0 dxdy+
∫ t
0
∫∫
|Dv|2ρ′0 dxdydτ +2
∫ t
0
∫∫
(a1v
2
x + a2v
2
y)ρ0 dxdydτ
≤ c
∫ t
0
∫∫
v2ρ0 dxdydτ +
∫ t
0
∫∫
(u+ u˜)v(vρ0)x dxdydτ. (4.6)
Here∫∫
|uvvx|ρ0 dxdy ≤ 2
(∫∫
u4 dxdy
)1/4(∫∫
v4 dxdy
)1/4(∫∫
v2x dxdy
)1/2
≤ c
(∫∫
|Du|2 dxdy
)1/4(∫∫
u2 dxdx
)1/4(∫∫
|Dv|2 dxdy
)3/4(∫∫
v2 dxdy
)1/4
≤ ε
∫∫
|Dv|2 dxdy + c(ε)
∫∫
|Du|2 dxdy
∫∫
v2 dxdy,
where ε > 0 can be chosen arbitrarily small, and with the use of inequality (2.19)
for ψ = ρ0 we derive from (4.6) that v ≡ 0 . 
Lemma 4.3. Let assumptions (1.4), (1.5) and (1.7) hold, then a weak solution to
problem (1.1)–(1.3) is unique in the space L∞(0, T ;L
1
2) ∩ L2(0, T ;H1,1/2) .
Proof. Here∫ T
0
∫∫
u4ρ3/2 dxdydt ≤ c
∫ T
0
∫∫
u4ρ1/2ρ1 dxdydt
≤ c1
∫ T
0
[∫∫
|Du|2ρ1/2 dxdy
∫∫
u2ρ1 dxdy +
(∫∫
u2ρ1 dxdy
)2]
dt <∞
and by virtue of Lemma 2.9 for the function v∫∫
v2(t, x, y)ρ1 dxdy + c0
∫ t
0
∫∫
|Dv|2ρ1/2 dxdydτ
≤ c
∫ t
0
∫∫
v2ρ1 dxdydτ +
∫ t
0
∫∫
(u+ u˜)v(vρ1)x dxdydτ. (4.7)
Since∫∫
|uvvx|ρ1 dxdy ≤ c
∫∫
|u|ρ1/41/2ρ
1/4
1 · |v|ρ1/41/2ρ
1/4
1 · |vx|ρ1/21/2 dxdy
≤ c
(∫∫
u4ρ1/2ρ1 dxdy
)1/4(∫∫
v4ρ1/2ρ1 dxdy
)1/4(∫∫
v2xρ1/2 dxdy
)1/2
≤ c1
[(∫∫
|Du|2ρ1/2 dxdy
)1/4(∫∫
u2ρ1 dxdx
)1/4
+
(∫∫
u2ρ1 dxdx
)1/2]
×
[(∫∫
|Dv|2ρ1/2 dxdy
)1/4(∫∫
v2ρ1 dxdy
)1/4
+
(∫∫
v2ρ1 dxdy
)1/2]
×
(∫∫
v2xρ1/2 dxdy
)1/2
≤ ε
∫∫
|Dv|2ρ1/2 dxdy
+ c(ε)
[∫∫
|Du|2ρ1/2 dxdy + 1
] ∫∫
v2ρ1 dxdy,
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where ε > 0 can be chosen arbitrarily small, inequality (4.7) yields that v ≡ 0 . 
Lemma 4.4. Let assumptions (1.4), (1.5) and (1.8) hold, then a weak solution to
problem (1.1)–(1.3) is unique in the space X1,0(ΠT ) ∩ L2(0, T ;H2+) .
Proof. Repeat the argument of the proof of Lemma 4.1 for the function ψ(x) ≡
κ0(x) . Here vtψ
1/2 ∈ L2(0, T ;H−1) , therefore, one does not have to introduce the
function ψr and can multiply (4.1) directly by 2v(t, x, y)ψ(x) . Instead of (4.3),
(4.5) we have that u2, u˜2 ∈ L∞(0, T ;L2) and∫∫
(|ux|+|u|)v2ψ dxdy ≤
(
2
∫∫
(u2x + u
2) dxdy
)1/2(∫∫
v4ψ2 dxdy
)1/2
≤ c
[(∫∫
|Dv|2ψ dxdy
)1/2(∫∫
v2ψ dxdy
)1/2
+
∫∫
v2ψ dxdy
]
. (4.8)
Since for j = 1 or 2
κ′0(x) + 2aj(x, y)κ0(x) ≥ cκ0(x) ∀ (x, y) ∈ Σ, (4.9)
it follows from (4.4) and (4.8) that v ≡ 0 . 
5. Long-time decay
Proof of Corollary 1.1. Equalities (3.6), (3.7) provide that for the solutions uh to
problem (3.4), (1.2), (2.2) the following inequality holds:
d
dt
∫∫
u2h dxdy + 2
∫∫
(a1u
2
hx + a2u
2
h y + a0u
2
h) dxdy ≤ 0. (5.1)
With the use of (1.11), (1.12) and (1.20) we derive that∫∫
(a2u
2
hy + a0u
2
h) dxdy ≥ β
∫∫
u2h dxdy
and it follows from (5.1) that
‖uh(t, ·, ·)‖L2 ≤ e−βt‖u0‖L2 ∀t ≥ 0.
Passing to the limit when h→ +0 we obtain (1.13). 
Proof of Corollaries 1.2–1.5. First of all note that equality (5.1) provides that
‖uh(t, ·, ·)‖L2 ≤ ‖u0‖L2 ∀t ≥ 0. (5.2)
Next, consider inequality (3.9) for f ≡ 0 and ψ(x) ≡ ρ0(αx) for Corollary 1.2,
ψ(x) ≡ e2αx for Corollary 1.3, ψ(x) ≡ 1 + e2αx for Corollary 1.4, ψ(x) ≡ κ0(αx)
for Corollary 1.5, where α ∈ (0, 1] . Continuing inequality (3.10) we find with the
use of (5.2) that uniformly with respect to L and α∣∣∣∫∫ (g′h(uh)uh)∗ ψ′ dxdy∣∣∣ ≤ 12
∫∫
|Duh|2ψ′ dxdy
+ cα
(‖u0‖L2 + ‖u0‖2L2)
∫∫
u2hψ dxdy.
Inequalities (2.19), (4.9) and (1.20) yield that for a certain independent on L and
α constant c0 > 0∫∫ (1
2
u2h yψ
′ + 2a2u
2
h yψ
)
dxdy ≥ c0α
L2
∫∫
u2hψ dxdy.
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Therefore, it follows from (3.9) that uniformly with respect to L and α
d
dt
∫∫
u2hψ dxdy +
c0α
L2
∫∫
u2hψ dxdy
≤ cα (b+ 2α+ ‖u0‖L2 + ‖u0‖2L2)
∫∫
u2hψ dxdy
and choosing L0 =
√
c0/(2cb) if b > 0 , α0 and ǫ0 satisfying 4c(2α0+ ǫ0+ ǫ
2
0) ≤
c0L
−2 , β = c0αL
−2/8 we derive an inequality
‖uh(t, ·, ·)ψ1/2‖L2 ≤ e−βt‖u0ψ1/2‖L2 ∀t ≥ 0
whence Corollaries 1.2 if b ≤ 0 and 1.3–1.5 follows. For Corollary 1.2 if b > 0 note
that this case can be reduced to the case b = 0 by the substitution u˜(t, x, y) =
u(t, x+ bt, y) . 
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